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Abstract Pipes conveying fluid play an important role in the oil & gas industry. It is critical to determine the critical velocity
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for structural stability design and safety evaluation of these pipes. Pipes conveying fluid under thermal load are also often used in
practical engineering fields, such as crude oil pipeline heating transportation and heated pipelines. Compared with the basic pipes
conveying fluid, the natural vibration frequency and critical velocity of a pipeline under thermal load are different from those
of the basic pipeline. Based on Hamilton’s principle, the partial differential equation of vibration of supported pipes conveying
fluid under thermal loads is derived and the equation is reduced to a univariate fourth-order homogeneous ordinary differential
equation by separating variables. A general solution is obtained according to the critical flow velocity conditions of supported
pipes conveying fluid. Furthermore, the analytical solutions of the critical velocity are obtained considering various boundary
conditions. Finally, numerical examples are presented for analyzing the influence of linear thermal stress and nonlinear thermal
stress on the critical velocity under various boundary conditions. The predictions using the proposed analytical solution are
compared with results using the differential quadrature method available in the literature. It is demonstrated that the proposed
analytical solution can give an accurate solution efficiently, which can be used in engineering practice. The critical flow rate of
the pipes conveying a fluid system under linear thermal stress and non-linear thermal stress decreases with an increase of thermal
load, and the decrease becomes larger and larger. In the same case, the critical velocity under nonlinear thermal stress is greater
than that under linear thermal stress, and the gap between them increases with an increase of thermal load. Comparing the bound-
ary conditions, it is found that fixed boundary conditions can bear the largest thermal load. Therefore, applying fixed boundary
conditions to the pipes conveying fluid system under the thermal load is beneficial to improve the stability of the system. In this
paper, the analytical method for critical velocity of pipes conveying fluid under thermal load can be obtained conveniently and
quickly at the engineering site, which provides a reference for the design and safety evaluation of pipes conveying fluids under

thermal load.
Keywords pipes conveying fluid; supported pipes; thermal loads; critical velocity; analytical method
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Fig.1 Model of supported pipes conveying fluid
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Table 1 Boundary conditions for supported pipes conveying
fluid
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Table 2 Parameters of calculation example
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Table 3 Comparison between the analytical method proposed in this paper and the DQM method(hinged-hinged boundary

condition)
ik ARkt
DQM FERT IR FHXF 1R 22 /% DQM AT it AR /%
0 3.1416 3.1416 0.0002 3.1416 3.1416 0.0002
1 2.9480 2.9479 0.0019 2.9483 2.9483 0.0016
2 2.7408 2.7406 0.0056 2.7420 2.7420 0.0010
3 2.5164 2.5163 0.0028 2.5197 2.5196 0.0050
4 2.2701 2.2700 0.0065 2.2764 2.2763 0.0025
5 1.9935 1.9934 0.0074 2.0048 2.0047 0.0045
6 1.6718 1.6716 0.0123 1.6911 1.6910 0.0038
7 1.2710 1.2708 0.0137 1.3055 1.3054 0.0102
8 0.6605 0.6601 0.0565 0.7432 0.7430 0.0320
8.37 0 0 0 0.3565 0.3559 0.1635
8.4806 0 - - 0 0 0
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Table 4 Critical velocity of the clamped-hinged boundary condition
AT 2tk Rkt AT £ JELk
0 4.4934 4.4934 12 2.4576 2.5103
2 4.2228 4.2237 14 1.9187 2.0093
4 3.9337 3.9374 16 1.1502 1.3371
6 3.6215 3.6305 17.1220 0.3792 0.8177
8 3.2798 3.2974 17.5989 - 0.7296
10 2.8980 2.9292
x5 FHIRE SRR E I FIRE
Table 5 Critical velocity of the clamped-clamped boundary condition
AT 2tk E[E293 AT Atk Rk
0 6.2832 6.2832 30 2.0252 2.3950
5.7950 5.7989 31 1.7095 2.1604
10 5.2618 5.2790 32 1.3203 1.8981
15 4.6680 4.7115 33 0.7509 1.5942
20 3.9867 4.0768 33.4781 0 1.4267
25 3.1619 3.3366 35.4090 0
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Fig.2 Influence of linear and nonlinear thermal stress on critical velocity under different boundary conditions
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