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a b s t r a c t

A comprehensive understanding of exact seismic P-wave reflection and transmission (R/T) coefficients at
imperfectly welded or non-welded contact interfaces holds paramount importance in the realm of
seismic exploration. Nonetheless, scant attention has been devoted in previous literature to the inves-
tigation of stress-dependent exact R/T coefficients in horizontal transversely isotropic (HTI) media,
characterized by a horizontal symmetry axis, at such interfaces. Addressing this scholarly gap, we present
exact R/T coefficient formulations specifically tailored to an imperfectly welded contact interface sepa-
rating two HTI media under the influence of in-situ horizontal stress. We begin by deriving the equation
of motion for a stressed HTI medium, utilizing the theoretical framework of acoustoelasticity to examine
the impact of in-situ horizontal stress on the overarching elastic properties of HTI media. Precise
boundary conditions are then established at the imperfectly welded contact interface by applying
generalized stress-strain relationships and linear-slip theory, with the influence of in-situ horizontal
stress on the interface further explored through the linear-slip model. By integrating these elements with
the seismic wave displacement equation, we derive exact R/T coefficient formulations applicable to an
imperfectly welded contact interface between two HTI media. Numerical analyses are conducted to
elucidate the effects of in-situ horizontal stress on critical parameters such as rock density, seismic wave
velocity, Thomsen-type anisotropy parameters, R/T coefficients, and seismic reflection responses at the
imperfectly welded contact interface. Furthermore, the proposed formulations are frequency-dependent,
with the imperfectly welded contact interface acting as a frequency-selective filter for both reflected and
transmitted waves. Notably, under conditions of sufficiently large incident angles, the sensitivity of R/T
coefficients to key influencing factors increases significantly. The derived R/T coefficient formulations and
the accompanying numerical results offer valuable insights for fracture characterization, stress-
dependent parameter inversion, and in-situ stress detection.
© 2025 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi Communications Co. Ltd. This
is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/

4.0/).
1. Introduction

Formulations of seismic wave reflection and transmission (R/T)
coefficients in transversely isotropic (HTI) media with a horizontal
g).

y Elsevier B.V. on behalf of KeAi Co
symmetry axis play a pivotal role in connecting observable seismic
reflections to subsurface rock properties. These formulations are
fundamental to seismic inversion processes, which are essential for
fracture characterization and fluid identification, and thereby aid in
enhancing the understanding of subsurface hydrocarbon reservoirs
(Zong et al., 2013; Yin et al., 2015; Pan et al., 2018, 2020; Pan and
Zhang, 2019). Extensive research has focused on parameterizing
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seismic R/T characteristics, as demonstrated by seminal studies
such as Rüger (1997), Chaisri and Krebes (2000), and Malehmir and
Schmitt (2017). However, the explicit incorporation of in-situ stress,
particularly horizontal principal stress, into the exact R/T co-
efficients at imperfectly welded interfaces in weakly anisotropic
HTI media has been inadequately addressed in existing literature.

The theory of acoustoelasticity, which describes the relationship
between stress and wave propagation in elastic media, has long
been used to explore the mechanical effects of in-situ stress on
seismic wave behavior (Hughes and Kelly, 1953). Numerous studies
have applied this theory to investigate seismic wave propagation in
prestressed rock formations (Pao, 1984; Norris, 1995; Winkler et al.,
1998; Sinha et al., 2000; Abiza et al., 2012; Pan et al., 2024). This
theory, which explains elastic nonlinearities induced by wave-
induced dynamic deformations under small prestresses, finds
extensive application in investigating the stress-dependent elastic
properties of rocks in both laboratory (Johnson and Rasolofosaon,
1996; Winkler and Liu, 1996; Winkler et al., 1998; Winkler and
McGowan, 2004), borehole (Sinha et al., 1995; Sinha and Kostek,
1996; Sinha et al., 2000; Sinha and Plona, 2001), and seismic in-
vestigations (Bakulin et al., 2003; Liu et al., 2007). It encompasses
elastic nonlinearities induced by wave-induced limited dynamic
deformations under small prestresses. Moreover, acoustoelasticity
is particularly effective in explaining stress-induced nonlinearities
in elastic properties, where the third-order elastic constants char-
acterize the stress-dependent variations in acoustic velocities
across different wave modes (Sarkar et al., 2003; Prioul et al., 2004;
Pan et al., 2024). This theoretical framework is fundamental to
deriving R/T coefficient formulations for interfaces subject to stress
conditions.

Further, scholars have extensively explored additional factors
affecting seismic responses, such as fluid-porous properties and
geothermal field effects. Biot theory (Biot, 1956a, 1956b) first pre-
dicted velocity dispersion and amplitude attenuation in fluid-
saturated porous media, giving rise to advanced poroelastic
models that describe frequency dispersion, attenuation, and
frequency-dependent anisotropic characteristics of seismic waves
in such media (Yang and Zhang, 2000, 2002; Chapman, 2009; Yang
et al., 2014; Carcione, 2015; Cheng, 2016; Zhang et al., 2019).
Numerous models have also been developed to examine how
pressure and frequency affect the elastic modulus and frequency-
dependent azimuthal reflections of fluid-saturated rocks (Guo
et al., 2015; Guo and Li, 2017; Sun and Gurevich, 2020; Fu et al.,
2020; Chen et al., 2023a; Li et al., 2024). Acoustoelastic theory
has been further extended to porous media, where it has been
combinedwith anisotropic theory to derive seismic wave equations
accounting for initial stress, exploring wave dispersion and atten-
uation in stressed porous media (Ba et al., 2013; Liu et al., 2021;
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Fig. 1. Schematic diagram of a P-wave incident on a stressed HTI medium.
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Chen et al., 2023b). Additionally, the influence of geothermal effects
on seismic wave propagation has been widely studied. Using
acoustoelastic theory, scholars have investigated how seismic wave
propagation and the coupled effects of stress and thermal fields
influence rock elasticity (Hou et al., 2021; Chen et al., 2022a).

Early exploration of wave R/T coefficients concentrated on in-
terfaces between distinct elastic media, such as the classical
Zoeppritz (1919) equation for isotropic media and its linear ap-
proximations (Aki and Richards, 1980). Over time, extensions were
made to include anisotropic media (Rüger, 1997; P�sen�cik
&Vavry�cuk, 1998; P�sen�cik and Martins, 2001; Malehmir and
Schmitt, 2017; Lu et al., 2018; Li et al., 2018) and viscoelastic me-
dia (Stovas and Ursin, 2003; Innanen, 2011). Yet, the incorporation
of in-situ stress effects, particularly in anisotropic media, remains
limited. Degtyar and Rokhlin (1998) were among the first to
investigate the impact of stress on elastic wave propagation at in-
terfaces between anisotropic media, while Liu et al. (2009) estab-
lished a direct relationship between horizontal uniaxial stress and
P-wave reflection coefficients in HTI media based on weak-
anisotropy assumption (Thomsen, 1986; Rüger, 1997). Liu et al.
(2016) further extended this work by deriving approximate S-
wave reflection coefficients for interfaces involving isotropic and
anisotropic stressed media. Chen et al. (2021) made significant
advancements by deriving exact seismic R/T coefficient equations of
P and SV waves at welded interfaces between stressed media based
on acoustoelasticity. Pan et al. (2023) also contributed by formu-
lating approximate P-wave reflection coefficients for weakly
anisotropic HTI media under horizontal in-situ stress. These studies
underscore the importance of incorporating stress effects, yet they
do not fully account for the complexities of imperfectly welded
interfaces, such as fractures, joints, and faults, that are commonly
encountered in natural reservoirs (Chaisri and Krebes, 2000; Cui
et al., 2017; Chen et al., 2023a).

Imperfectly welded interfaces are often modeled using the
linear-slip theory (Schoenberg, 1980; Pyrak-Nolte et al., 1990),
which explains the discontinuity in displacement across a weak-
ness plane, while stress continuity is maintained. This theory has
been employed to derive analytical R/T coefficient formulas for
imperfectly welded interfaces, providing insights into seismic re-
sponses in fractured reservoirs (Schoenberg and Douma, 1988;
Schoenberg and Prot�azio, 1990; Chaisri and Krebes, 2000; Cui et al.,
2017). However, the impact of in-situ stress on R/T characteristics at
such interfaces remains insufficiently explored. Recent studies have
started to bridge this gap. Chen et al. (2022b) derived exact P-wave
R/T coefficients for imperfectly welded interface between two
elastic isotropic half-spaces under vertical stress. Despite these
advancements, the scarcity of exact R/T formulations that consider
in-situ horizontal stress at imperfectly welded interfaces in HTI
media presents a significant obstacle to fully understanding stress-
dependent seismic responses.

This study aims to address this gap by presenting exact R/T co-
efficient formulations for seismic waves at an imperfectly welded
interface between two HTI media under in-situ horizontal stress.
Using acoustoelasticity theory and linear-slip boundary conditions,
we first establish the boundary conditions for imperfectly welded
interfaces. We then derive the motion equation for HTI media un-
der horizontal stress, incorporating the effects of stress on elastic
properties such as density, seismic wave velocity, and anisotropy
parameters. By combining these elements, we formulate exact R/T
coefficients for HTI media at imperfectly welded interfaces. Nu-
merical analysis explores how factors such as stress, incident angle,
azimuth angle, and frequency influence seismic responses. Finally,
we discuss the limitations of the method and suggest potential
directions for future research.
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Fig. 2. Schematic diagram of seismic P-wave reflection and transmission at the imperfectly welded contact interface of stress layer (modified from Cui et al., 2017).

Table 1
Elastic properties of unstressed medium samples (Winkler and McGowan, 2004).

Elastic properties Saturated Castlegate sandstone Saturated Portland sandstone Dry Berea1 sandstone

K, GPa 3.67 16.49 3.07
l; GPa 1.50 11.86 0.321
m, GPa 3.25 6.94 4.13
r, g/cm3 2.00 2.33 2.04
VP0, km/s 2.00 3.32 2.05
VS0, km/s 1.27 1.73 1.42
A, GPa �1362 �6559 �5011
B, GPa �162.5 �11751 �1692
C, GPa �68 �9377 �158
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2. Theory and method

2.1. Governing equations

The theory of acoustoelasticity is widely utilized to investigate
the mechanical properties of prestressed elastic rocks. This
framework provides a robust approach for modeling the stress-
dependent behavior of rocks, independent of their geometric
configurations or microstructural characteristics. Subsurface rocks
typically exhibit three distinct states (Huang et al., 2001): 1) a
natural state, free from any initial stress or strain; 2) an initial
stressed state resulting from subsurface deformation or stress; and
3) a final state where seismic wave motion is superimposed upon
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the initial stress state.
As the rock particles transition from the natural state to the

initial state, the displacement vector is denoted byU0. Similarly, the
displacement from the natural state to the final state is represented

by the vector Uf . The acoustoelastic equation for a stressed HTI
medium, as formulated by Pao (1984), can be expressed as follows:

HabgdUg;bd ¼ r €Ua: (1)

where Habgd denotes the acoustoelastic stiffness tensor. Cartesian
tensor notation is employed in Eq. (1), in which the comma symbol
denotes differentiation with respect to the subsequent component.
For example, the notation Ua represents a component of the
displacement vector from the transition between the initial state
and the final state induced by seismic wave perturbation, the no-
tation Ug;bd refers to a second partial derivative of the displacement
component Ug with respect to the corresponding coordinate axis,

and the notation €Ua refers to the second derivative of Ua with
respect to time. r ¼ r0=ð1þe0hhÞ signifies the density of the HTI

media under stress, and e0hh denotes the summation of principal
strain induced by initial stress, with the subscripts indicating the
directional components, as illustrated in Fig. 1. Unless otherwise
specified, a corner mark beneath repeated tensors denotes sum-
mation. Here e0xx, e

0
yy and e0zz represent the initial strain components

generated by the medium in the direction of the three axes under
in-situ initial stress, respectively.

Additionally, the acoustoelastic stiffness tensor Habgd in Eq. (1)
can be expressed as

Habgd¼ Cabgd þ s0bddag; (2)

where Cabgd represents the effective elastic stiffness tensor, and dag
represents the Kronecker delta. Consequently, we can derive the
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vertical wave velocity (Thomsen, 1986) and anisotropic parameters
(Rüger, 1997; Tsvankin, 1997) of HTI media using the acoustoelastic
stiffness tensor Habgd. For more information regarding the acous-
toelastic stiffness tensor and additional details, please refer to
Appendix A.
2.2. Time-harmonic wave solution in stressed HTI media

When HTI media are subjected to in-situ horizontal stress, as
illustrated in Fig. 1, q represents the incident angle, defined as the
angle between the z-axis and the incident P-wave propagating in
the x-z plane. Additionally, 4 represents the azimuth angle, which
represents the angle between the incident plane and the symmetry
plane. A time-harmonic wave is employed to describe the
displacement vector in Eq. (1):

UgðX; tÞ¼Ag exp½jkðnaXa �VtÞ�; (3)

where Ag ¼ APg is the component of the amplitude vector, with A
representing its modulus and Pg as the component of polarization
vector. na denotes the component of propagation direction vectors,
Xa represents the coordinate axis with a ¼ x; y; z. V ¼ u=k repre-
sents the phase velocity of waves, with u representing the angular
frequency and k as the wavenumber, and t represents the propa-
gation time. Substituting Eq. (3) into Eq. (1) yields�
Habgdnand � rV2dbg

�
Pg ¼0: (4)

The polarization component Pg and phase velocity V of the
medium are determined by solving Eq. (4). It is important to note
that the polarization direction exhibits a non-zero value, leading to
non-trivial solutions:���Habgdnand � rV2dbd

���¼0: (5)

By substituting the wave direction vector into Eq. (4), the cor-
responding phase velocities can be derived. These phase velocities
will be employed in the subsequent derivation of the governing
equations.
2.3. P-wave R/T coefficient formulas at an imperfectly welded
contact interface

When a P-wave encounters an imperfectly welded contact
interface between two layers in the x-z plane, shear wave splitting
or birefringence does not occur. In this case, only four types of re-
flected and transmitted waves are generated: the reflected P-wave,
reflected SV-wave, transmitted P-wave, and transmitted SV-wave.
The SH wave, which typically propagates along the surface, is ab-
sent in this scenario, and therefore does not require further dis-
cussion, as depicted in Fig. 2. This absence simplifies the wave
interaction analysis at the interface, allowing us to focus solely on
the reflected and transmitted P- and SV-wave modes, which are
critical for understanding the energy partitioning across the
interface in anisotropic media. In addition, the black arrows indi-
cate the directions of wave propagation. The dashed line between
the upper and lower media signifies the imperfect welded contact
interface. The parameters ZT and ZN (Worthington and Lubbe, 2007)
denote the tangential and normal fracture compliances, respec-
tively. Slashes between parameters Uþ and U� represent the
discontinuity in the displacement vector at the interface, while
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their absence between parameters sþ and s� represent the conti-
nuity of the stress vector.

According to the linear-slip theory proposed by Schoenberg
(1980), the boundary conditions governing an imperfectly welded
contact interface dictate that the traction force remains continuous
across the interface, whereas the displacement experiences a
discontinuity proportional to the traction. These boundary condi-
tions can be expressed as follows:
1501
DUi ¼Pii,szi; i ¼ x; z; (6)

sþzi ¼ s�zi ; i ¼ x; z; (7)

where the superscripts þ and e represent the upper and lower
media, respectively. Here DU ¼ Uþ

i � U�
i ði¼ x; zÞ represents the

discontinuity in the displacement vector at the interface, and szi
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denotes the total stress tensor at the interface. Additionally, P
denotes the fracture compliance matrix, mathematically repre-
sented as

P¼
0
@ ZT 0 0

0 0 0
0 0 ZN

1
A: (8)

These parameters are key in characterizing the discontinuity at
an imperfectly welded contact interface. Under applied stress, such
an interface can undergo compression, leading to stress de-
pendencies for both ZT and ZN. These dependencies are relevant to
the stress-dependent R/T responses at the interface. If an imper-
fectly welded contact interface is characterized by a random dis-
tribution of circular contact points (e.g. fractures, faults, or joints),
the fracture compliances ZT and ZN can be computed using the
intrinsic fracture parameters and background elastic parameters.
This provides the basis for studying the stress-dependent charac-
teristics of such interfaces. Further details are provided in Appendix
B.

The acoustoelastic constitutive relationship under in-situ hori-
zontal stress, as formulated by Degtyar and Rokhlin (1998), can be
expressed as

sab ¼Habgdegd þ Ua;gs
0
gb; (9)

where egd represents the total strain tensor resulting from wave
disturbance.
1502
By combining the boundary conditions expressed by Eqs. (6) and
(7) with Eq. (9), the exact R/T coefficient formulas for stressed HTI
media at an imperfectly welded contact interface are derived as

GL¼М: (10)

The elements in Eq. (10) are detailed in Appendix C. This
equation encapsulates the primary findings of this study,
describing how in-situ horizontal stress influences the R/T co-
efficients of waves at an imperfectly welded contact interface in HTI
media. These coefficients account for factors such as in-situ hori-
zontal stress, frequency, incident angle, and azimuth angle,
providing insights into the fluctuations of the R/T coefficients.
Furthermore, the derived R/T coefficients can be applicable in
seismic forward modeling. It is important to note that, during the
derivation, equal magnitudes of in-situ horizontal stress were
assumed for the two media.
3. Numerical analysis

We employ two media types, namely Castlegate sandstone and
Portland sandstone, to represent the objects under study, as illus-
trated in Table 1 (Winkler and McGowan, 2004). To address the
impact of various factors on the R/T coefficients, we specify the
properties of the two media, and A, B and C (Goldberg, 1961)
represent the third-order elastic constants, which depends on the
type of rock. Specifically, our model involves saturated Castlegate
sandstone for the upper medium and saturated Portland sandstone
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for the lower medium.
Moreover, we utilize ideal anisotropic parameter values for

Castlegate sandstone (εðvÞ1 ¼ �0:039; d
ðvÞ
1 ¼ �0:054; g

ðvÞ
1 ¼ �

0:086) and Portland sandstone (εðvÞ2 ¼ �0:024; d
ðvÞ
2 ¼ �0:091;

g
ðvÞ
2 ¼ �0:073) to investigate the impact of stress on the aniso-

tropic parameters of HTI media. Additionally, based on the linear-
slip model, the stress dependence of ZT and ZN are ideally
explained according to the influence of stress on fracture aperture,
respectively. Subsequently, we designate the thickness of the upper
layer as 100 m (as depicted in Fig. 2) to analyze the seismic
reflection response and the resulting reflection coefficients in the
model.
3.1. Effect of stress on density, wave velocity and elastic anisotropy

The elastic properties, including density, wave velocity and
elastic anisotropy of rock formations, undergo discernible changes
when exposed to in-situ horizontal stress. Fig. 3 delineates the
variations in density across the two media under stress conditions.
Additionally, Figs. 4 and 5 depict the fluctuations in the vertical
phase velocities of seismic waves propagation within the two me-
dia, as well as three Thomsen-type parameters (εðvÞ, dðvÞ, and gðvÞ).
These figures offer valuable insights into the modifications in rock
properties and anisotropy arising from the influence of stress.

From Fig. 3, it is evident that as the stress magnitude varies from
1503
0 to 100 MPa, there is minimal change in the density of both Cas-
tlegate sandstone and Portland sandstone, as indicated by r ¼
r0=ð1 þ ennÞ. This suggests that the influence exerted by stress is
negligible. This outcome aligns with the experimental findings of
Winkler and McGowan (2004), thereby validating the accuracy of
our theoretical framework. Overall, the density of the rock exhibits
minimal alteration under very low stress conditions.

Examining Fig. 4(a) and (b), we observe that with the stress
magnitude ranging from 0 to 50MPa, the vertical velocities of P and
S waves for both rock types increase. This implies that both H33 and
H44 are concurrently augmented. Moreover, the vertical velocity of
Castlegate sandstone exhibits a more pronounced change
compared to Portland sandstone, indicating that Castlegate sand-
stone is more sensitive to stress than Portland sandstone.

In addition, Berea1 sandstone from Table 1 is utilized to
compare the measured rock wave velocity values from laboratory
measurements with the theoretically predicted rock wave velocity,
as shown in Fig. 4(c), which explores the variation in wave velocity
of Berea1 sandstone under the influence of horizontal in situ stress,
comparing it with laboratory data from Winkler and McGowan
(2004). The results demonstrate a close match between theoret-
ical calculations and laboratory measurements, affirming the ac-
curacy of the acoustoelastic theoretical model.

In Fig. 5, it is evident that as the stressmagnitude increases from
0 to 10 MPa, the anisotropic parameters of both Castlegate sand-
stone and Portland sandstone exhibit a linear change. Notably,
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Castlegate sandstone displays a higher sensitivity to in-situ hori-
zontal stress compared to Portland sandstone, a trend consistent
with the observed changes in vertical velocity. Despite differences
in the initial idealized values and the nature of the medium
employed, the variation trends of the three anisotropic parameters
remain similar. This not only elucidates the impact of stress on the
media's anisotropy but also reaffirms the robustness and consis-
tency of the theoretical framework.
3.2. Effect of stress on imperfectly welded contact interface

This section studies the stress dependences of ZT and ZN, which
can be used to characterize the imperfectly welded contact inter-
face.We suppose the imperfectly welded interface is filled with soft
material, whose bulk moduli K and shear moduli m are 0.5 GPa and
2 GPa, respectively. The ratio of S-wave velocity to P-wave velocity
of the Castlegate sandstone is approximately 0.635, and the initial
average aperture d of the imperfectly welded interface is 0.8 m. The
shear modulus m* of Castlegate sandstone is 3.25 GPa.

Fig. 6 offers valuable insights into the influence of in-situ hori-
zontal stress on ZT and ZN. Fig. 6(a) and (b) represent the results
with the ratio of welded contact to fracture area rw is fixed to
0.0001, and the average radius d* of the welded contact areas is
changed to 0.001, 0.011, 0.021, and 0.031 m. Fig. 6(c) and (d)
represent the results with the average radius d* of the welded
contact areas is fixed to 0.001 m, and the ratio of welded contact to
fracture area rw is changed to 0.0001, 0.0011, 0.0021, and 0.0031.
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As depicted in Fig. 6, both ZT and ZN change linearly and are
inversely proportional to the increasing in-situ horizontal stress.
And the change of rw and d* can notably affect the magnitude of ZT
and ZN with the opposite effect, but has little effect on their stress
sensitivity. Moreover, the change of ZT and ZN becomes smaller
with the increase of rw and d*. The numerical simulation provides a
simple insight into the influence of in-situ horizontal stress on
imperfectly welded contact interface, and lays a foundation for the
derived of the exact R/T coefficient formulas for stressed HTI media
at an imperfectly welded contact interface.
3.3. Effect of stress and frequency on R/T coefficients

Fig. 7 offers valuable insights into the influence of in-situ hori-
zontal stress and frequency on the variation of R/T coefficients, with
an incident angle of 30� and an azimuth angle of 0�. The frequency
ranges from 0 to 100 Hz, while the stress level varies across five
values from 0 to 20 MPa. These visualizations provide a compre-
hensive depiction of the trends in R/T coefficients concerning in-
situ horizontal stress and frequency, thereby enhancing our un-
derstanding of their fluctuations.

As depicted in Fig. 7, both Rpp and Tps exhibit a direct propor-
tionality to frequency, whereas Rps demonstrates an inverse pro-
portionality to frequency. Moreover, Tpp initially decreases within
the frequency range of 0e40 Hz, but exhibits an increase at fre-
quencies surpassing 40 Hz. These findings underscore the function
of the imperfectly welded contact interface as a pass filter for both
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reflected and transmitted waves. Furthermore, the observations
highlight the varying sensitivity of R/T coefficients to stress across
different frequencies of seismic waves.
3.4. Effect of stress and incident angle on R/T coefficients

Figs. 8 and 9 depict the impact of in-situ horizontal stress and
incident angle on the variation of R/T coefficients, with Fig. 8 cor-
responding to a frequency of 10 Hz and Fig. 9 to a frequency of
30 Hz. The incident angle ranges from 0� to 35�, and while the
stress levels are graded across five values from 0 to 20 MPa. These
visual representations offer insights into the trends in R/T co-
efficients concerning in-situ horizontal stress and incident angle,
facilitating a clear observation of their fluctuations.

As depicted in Fig. 8, at a frequency is 10 Hz, both coefficients
Rpp and Tpp exhibit a positive correlation with stress across the
range of incident angles, while the correlation with incident angle
for these two coefficients varies. Furthermore, it's noteworthy that
the influence of stress varies across different incident angles.
Additionally, upon observing Fig. 9, the general trend of R/T co-
efficients mirrors that of Fig. 8. However, the sensitivity to stress
markedly differs between the two cases due to the frequency
variance.

As mentioned earlier, while a model for an imperfectly welded
contact interface between two stressed isotropic media has been
previously reported (Chen et al., 2022b), our study focuses on HTI
1505
media. By comparing the two models, we can discern the effect of
anisotropic parameters on reflection amplitude or amplitude vari-
ation with offset (AVO) characteristics, as depicted in Fig. 10. The
condition depicted in Fig. 10 is identical to those in Fig. 8. In Fig. 10,
lines of different colors represent varying stress levels, with solid
lines denoting the model presented in this study, and dotted lines
representing the previously reported model. From Fig. 10, it is
evident that the R/T coefficients exhibit increased sensitivity to
anisotropic parameters with rising incidence angles. Additionally,
the sensitivity shifts with increases in in-situ horizontal stress,
attributable to the presence of stress-induced anisotropy. Further-
more, while our model adopts the weak anisotropy hypothesis, real
strata typically exhibit stronger anisotropy. Therefore, future
studies will need to explore more practical physical mechanisms to
refine our model.
3.5. Effect of stress and azimuth angle on R/T coefficients

Figs. 11 and 12 illustrate the impact of in-situ horizontal stress
and azimuth angle on the variability of R/T coefficients across two
scenarios, where the incident angle is fixed at 30�. Fig. 11 corre-
sponds to a frequency of 10 Hz, while Fig. 12 corresponds to a fre-
quency of 30 Hz. The azimuth angle spans from 0� to 360�, while
the stress levels encompass five values ranging from 0 to 20 MPa.
These visualizations offer a detailed insight into the trends
observed in R/T coefficients concerning in-situ horizontal stress and
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azimuth angle, facilitating a comprehensive comprehension of
their fluctuations.

The R/T coefficients demonstrate periodic behavior across the
azimuthal spectrum. Under the influence of simple stress on HTI
media, this periodicity remains consistent. However, with more
complex stress patterns, the periodicity may undergo alterations.
Despite variations in frequency attributable to diverse initial con-
ditions, the overarching trend in R/T coefficient variation remains
largely uniform between the two scenarios. The predictable
response of R/T coefficients to stress suggests the potential for
reliably inferring or forecasting in-situ stress levels based on
observed P-wave seismic signals through suitable physical
methodologies.
3.6. Effect of stress, incident angle and frequency on R/T coefficients

In real seismic field data, such as partial stacks, the seismic
reflection amplitude is influenced by both incident angles and the
frequency ranges of the seismic data (Yang et al., 2022). To accu-
rately reflect this real-world scenario, wemodel the R/T coefficients
as a function of both incident angles and frequencies, as depicted in
Fig. 13. Here, the incident angle ranges from 0� to 35�, while the
frequency spans from 1 to 100 Hz. Additionally, the stress levels are
set at 5MPa, varying across five increments from0 to 20MPa. These
visualizations serve as a fundamental basis for implementing for-
ward modeling procedures that account for the frequency-angle
dependence observed in actual geological formations under stress.
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3.7. Effect of stress on 3D seismic response characteristics

We then examine the collective influence of three factors and
present three-dimensional representations illustrating the varia-
tion of R/T coefficients with incident angle, azimuth angle, and in-
situ horizontal stress for two specific scenarios. Fig. 14 corre-
sponds to the case of 10 Hz, while Fig. 15 represents the case of
30 Hz. As depicted in Figs. 14 and 15, the incident angle ranges from
0� to 35�, the azimuth angle spans from 0� to 360�, and the stress
levels are set at 5 MPa, varying across five increments from 0 to
20 MPa. These figures offer a more intuitive depiction of the intri-
cate variation patterns of R/T coefficients, aligning with the
observed characteristics evident in previous visualizations.

4. Discussion

We have derived exact R/T coefficient formulas at an imperfectly
welded contact interface, delineating the influence of in-situ hori-
zontal stress on the interaction between two HTI media. These
formulas elucidate the intricate interplay among in-situ horizontal
stress, frequency, and R/T response at the interface separating two
distinct HTI media. Through numerical analysis, we have discerned
how in-situ horizontal stress impacts the phase velocity of P waves,
the elastic anisotropy of stressed HTI media, and the variations of R/
T coefficients with stress and frequency. This comprehensive un-
derstanding contributes to the comprehension of seismic wave
propagation in stressed HTI media. In future research endeavors,
the exact R/T coefficient formulas can be integrated into seismic



(a) (b)
0 MPa
5 MPa
10 MPa
15 MPa
20 MPa

0 MPa
5 MPa
10 MPa
15 MPa
20 MPa

0 MPa
5 MPa
10 MPa
15 MPa
20 MPa

0 MPa
5 MPa
10 MPa
15 MPa
20 MPa

(c) (d)

Azimuth angle ϕ, °

360300240180120600

T p
p

0.60

0.55

0.50

0.45

0.40

0.35

0.30

0.25

0.20
360300240180120600

T p
s

0.20

0.15

0.10

0.05

0

-0.05

-0.10

-0.15

-0.20

Azimuth angle ϕ, °

Azimuth angle ϕ, °

360300240180120600

R
pp

0

-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

-0.8
360300240180120600

R
ps

0.5

0

-0.5

Azimuth angle ϕ, °

Fig. 12. Diagram of R/T coefficients varying with in-situ horizontal stress and azimuth angle (a) Rpp (b) Rps (c) Tpp (d) Tps (The frequency is 30 Hz, and the incident angle is 30�).

X.-P. Pan, C.-X. Lu, H.-W. Xu et al. Petroleum Science 22 (2025) 1497e1512
AVO inversion methodologies (Chen and Zong, 2022) and the
prediction of real underground stress fields (Chen et al., 2023c;
Yang et al., 2023) within stressed anisotropic strata.

However, we only consider the effect of in-situ horizontal stress
on the aperture of imperfectly welded contact (e.g. average aper-
ture d), which is an ideal assumption, while the stress situation of
the actual stratum is much more complicated, and stress can also
affect the magnitude of rw and d*, so the more reasonable physical
mechanism should be explored to modify our model in future
studies.

Additionally, it is imperative to acknowledge that real strata are
generally heterogeneous or porous and filledwith fluid, all of which
can significantly influence seismic wave propagation under stress.
These factors necessitate consideration in future investigations. Our
formulated equations offer foundational insights into deriving R/T
coefficient formulas between more complex media at the imper-
fectly welded contact interfacewithin the Earth's interior, including
rocks subjected to orthogonal stresses and rocks featuring tilted
transversely isotropic (TTI) symmetry.

5. Conclusions

The principal objective of this investigation is to establish exact
R/T coefficient formulas governing seismic wave propagation at an
imperfectly welded contact interface between two distinct HTI
media, under the influence of in-situ horizontal stress. These for-
mulations provide invaluable insights into elucidating azimuth-
dependent seismic response characteristics in the presence of
1507
stress. By delineating the intricate relationship between R/T co-
efficients and in-situ horizontal stress at an imperfectly welded
contact interface, a profound understanding of seismic behavior
within HTI media can be attained. Initiating the analysis, we
rigorously establish exact boundary conditions employing the
generalized stress-strain relationship and the linear-slip theory at
an imperfectly welded contact interface, and explore the influence
of in-situ horizontal stress on imperfectly welded contact interface
at the same time. Subsequent derivation yields exact R/T coefficient
formulations at this interface, delineating its separation between
two HTI media. Numerical analyses reveal that density, wave ve-
locity, and anisotropy within an HTI medium exhibit pronounced
sensitivity to stress, exhibiting alterations across different media.
Notably, at sufficiently large incident angles, R/T coefficients evince
heightened sensitivity to influencing factors. These formulations
and associated modeling outcomes hold significant utility for
fracture characterization, inversion of stress-related parameters,
and the detection of in-situ stress within subsurface hydrocarbon
reservoirs.
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Appendix A. Acoustoelasticity stiffness tensor of HTI media
under in-situ horizontal stress

This appendix presents the acoustoelastic stiffness tensor for an
HTI medium under the in-situ horizontal stress. The displacement
increment UaðX; tÞ caused by seismic wave perturbation, tran-
sitioning from the initial to the final state, is given as

UaðX; tÞ¼Uf
a � U0

a ¼ xa � xa: (A-1)

Assuming the seismic wave disturbance is infinitesimal, the
deformation increment is

Eab ¼
1
2

�
Ua;b þUb;a þU0

g;aUg;b þU0
g;bUg;a

�
: (A-2)
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The internal energy function of hyperelastic rock establishes the
constitutive equation. By neglecting higher-order terms (Pao,1984),
the equation becomes

Tab ¼ cabgdEgd þ cabgdεhe
0
gdeεh; (A-3)

where cabgd and cabgdεh denote the second-order and third-order
elastic modulus (2oEM and 3oEM) tensor of HTI medium, respec-
tively. Using Voigt's notation, we simplify this as follows:

Tab ¼UabgdUg;d; (A-4)

with

Uabgd ¼ cabgd
�
1� e0hh

�
þ c

εbgdU
0
a;ε þ caεgdU

0
b;ε þ cabεdU

0
g;ε þ cabgεU

0
d;ε

þ cabgdεhe
0
εh:

(A-5)

Since the predeformation is static, the motion equation for rock
particles, with displacement increments due to seismic distur-
bances, is expressed as

HabgdUg;bd ¼ r €Ua; (A-6)

with

Habgd¼Uabgd þ s0bddag; (A-7)

where s0
bd

represents the initial stress in the HTI media. Given

significant difference in magnitudes between s0bd, cabgd, and cabgdεh,
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we approximate
��cabgdεh��[��cabgd��[���s0bd

��� (Prioul et al., 2004),

reducing Eq. (A-8) to

Habgd ¼ cabgd þ cabgdεhe
0
εh: (A-8)

For an HTI medium under in-situ horizontal stress, the acous-
toelastic stiffness tensor Habgd, using Voigt notation, is represented
as

Hab ¼

2
6666664

H11 H12 H13 0 0 0
H12 H22 H23 0 0 0
H13 H23 H33 0 0 0
0 0 0 H44 0 0
0 0 0 0 H55 0
0 0 0 0 0 H66

3
7777775
; (A-9)

where

H11 ¼ c11 þ c111e
0
xx þ ðc112 þ c133Þe0yy; (A-10)

H12 ¼H13 ¼ c13 þ c112e
0
xx þ ðc123 þ c133Þe0yy; (A-11)

H23 ¼ c23 þ c123e
0
xx þ ðc112 þ c113Þe0yy; (A-12)

H22 ¼H33 ¼ c33 þ c112e
0
xx þ ðc111 þ c113Þe0yy; (A-13)

H44 ¼ c44 þ c144e
0
xx þ ðc155 þ c344Þe0yy; (A-14)

H55 ¼H66 ¼ c66 þ c155e
0
xx þ ðc144 þ c344Þe0yy: (A-15)

with (Goldberg, 1961)

c111 ¼2Aþ 6Bþ 2C; (A-16)

c144 ¼B; (A-17)

c112 ¼ c133 ¼ c122 ¼ 2Bþ 2C; (A-18)

c155 ¼ c344 ¼ 1
2
Aþ B; (A-19)

c123 ¼2C: (A-20)

The vertical P- and S-wave velocities (Thomsen, 1986) of the HTI
media is derived from Eq. (A-9) as

V2
P0 ¼H33

.
r; (A-21)

V2
S0 ¼H44

.
r; (A-22)

Similarly, the Tsvankin-type anisotropic parameters ε
ðvÞ, dðvÞ,

and gðvÞ in weakly anisotropic HTI media (Tsvankin, 1997) can be
expressed as

ε
ðvÞ ¼H11 � H33

2H33
; (A-24)
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dðvÞ ¼ ðH13 þ H66Þ2 � ðH33 � H66Þ2
2H33ðH33 � H66Þ

z
H13 � H33 þ 2H66

2H33
;

(A-25)

gðvÞ ¼H66 � H44

2H44
: (A-26)

In traditional linear elastic theory, potential energy is a quadratic
function of strain. However, acoustoelastic theory incorporates
third-order elastic constants to account for variations in acoustic
properties under stress. This nonlinear elastic framework forms the
basis for studying stress-induced anisotropy, mapping any axial in-
situ stress field to the anisotropic stiffness tensor.
Appendix B. Stress-dependent characteristics of imperfectly
welded contact interface

In this appendix, we present the stress-dependent characteris-
tics of an imperfectly welded contact interface. Based on previous
assumptions, the parameters ZT and ZN can be expressed in terms of
the intrinsic fracture parameters and background elastic parame-
ters (Worthington and Lubbe, 2007) as follows:

1
ZN

¼ rw
4m*

pd*

 
1� V2

S0

V2
P0

!(
1þ2ðrwÞ1=2ffiffiffiffi

p
p

)
þ K þ ð4=3Þm

d
; (B-1)

1
ZT

¼ rw
8m*

pd*

�
1� V2

S0

.
V2
P0

�
�
3� 2V2

S0

.
V2
P0

�
(
1þ2ðrwÞ1=2ffiffiffiffi

p
p

)
þ m

d
; (B-2)

where VP0, VS0, and m* represent the P-wave velocity, S-wave ve-
locity and shear modulus of the unstressed background medium,
respectively. Parameters d*, rw, and d correspond to the average
radius of the welded contact areas, the ratio of welded contact to
the fracture area, and the average aperture of the imperfectly
welded contact interface, respectively. Additionally, m and K denote
the shear and bulk moduli of the filler material in the non-welded
interface, respectively. For field application, rw can often be
approximated as 0, allowing Eqs. (B-1) and (B-2) to be simplified as

ZN ¼K þ ð4=3Þm
d

; (B-3)

ZT¼
m

d
: (B-4)

In this study, we consider the stress-dependent variation of the
average aperture d. Under conditions of moderate stress, its
dependence follows generalized Hooke's law, indicating that the
change in d is inversely proportional to stress. The influence of
stress on d* and rw is neglected. As such, the effects of stress on ZT
and ZN can be modeled based on the given values of d* and rw.
Appendix C. Exact P-wave R/T coefficient formulas in HTI
media under in-situ horizontal stress

In this appendix, we present the exact P-wave R/T coefficient
formulas in HTI media under in-situ horizontal stress. The elements
in Eq. (10) are expressed as follows:
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G¼

2
664
G11 G12 G13 G14
G21 G22 G23 G24
G31 G32 G33 G34
G41 G42 G43 G44

3
775; (C-1)

L¼ �Rpp Rps Tpp Tps
�T
; (C-2)

М¼ ½М11 М21 М31 М41�T: (C-3)

where

G11 ¼ �М11 ¼ p1VPP cos 4;G12 ¼ q2VPS; (C-4)

G13 ¼ � p3VPP0 cos 4þ juZTp3q3VPP0 cos 4
�
2H66 þs0xx

�
; (C-5)

G14 ¼ q4VPS0 þ juZTVPS0
h
H66

�
p24 cos2 4� q24

�
þ s0xxp

2
4 cos2 4

i
;

(C-6)

G21 ¼М21 ¼ q1VPP;G22 ¼ �p2VPS cos 4; (C-7)

G23 ¼ q3VPP0 � juZNVPP0
�
H13p

2
3 cos2 4þH33q

2
3

�
; (C-8)

G24 ¼p4VPS0 cos 4� juZNp4q4VPS0 cos 4ðH33 �H13Þ; (C-9)

G31 ¼М31 ¼ p1q1V
2
PP cos 4

�
2H0

66 þ s0xx

�
; (C-10)
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�
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2
2 cos2 4;

(C-11)

G33 ¼p3q3VPPVPP’ cos 4
�
2H66 þs0xx

�
; (C-12)

G34 ¼ �H66VPPVPS0
�
q24 �p24 cos2 4
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2
4 cos2 4;
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2
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2
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33q
2
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G42 ¼ � p2q2VPPVPS cos 4
�
H0
13 �H0

33
	
; (C-15)

G43 ¼ � VPPVPP0
�
H13p

2
3 cos2 4þH33q

2
3

�
; (C-16)

G44 ¼ � p4q4VPPVPS0 cos 4ðH33 �H13Þ: (C-17)

and

Rpp ¼A1

A0
;Rps ¼ A2

A0

VPP

VPS
; Tpp ¼ A3

A0

VPP

VPP0
; Tps ¼ A4

A0

VPP

VPS0
: (C-18)

In these equations, H0 and H represent the effective acoustoelastic
stiffness tensors of the upper and lower media, respectively. The
subscripts PP, PS, PP0, and PS0 represent the four types of scattered
waves. Additionally, pi and qi (i ¼ 1;2;3;4) denote the horizontal
and vertical wavenumber, respectively, while the indices i refer to
the four types of reflected and transmitted waves.
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